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A number of Grand Canonical Ensemble simulations have been performed for restricted primitive model 1: 1 
electrolytes in spherical hard-wall pores with the same dielectric permittivity in the pores and in the wall. The 
electrolyte concentrations are moderate corresponding to Ka = a. 0.9 and 1.4, where a = ionic diameter and 
K is the inverse Debye length. The pores have a continuously distributed surface charge from 0 to 10 
elementary charges and radii from 2 to 9 ionic diameters. Mean ionic distribution functions and the electric 
potential distributions in the spherical double layers are investigated. The mean ionic distribution functions 
seem to strike a balance between “attractive” hard sphere-hard wall effective forces and a repulsive force 
determined by the Debye length ( 1 / ~ )  and due to the lack of symmetry in the ion clouds around ions near the 
wall. However, there is also in small pores a general depression of the mean ionic distribution functions, 
which increases with the applied external potential (wall charge). This electro-desorption phenomenon is 
contrary to the electro-sorption found earlier with dilute electrolyte solutions. Some few Debye lengths from 
the wall, bulk conditions prevail in the larger pores. The electric potential distributions may generally be 
expressed in terms of eigenfunctions of the Laplacian operator in analogy with the Debye-Hiickel treatment. 
One or two eigen-functions are sufficient. In the case of two eigenfunctions, one may often fit the curves using 
eigenvalues ,I*, where one is close to K’ and the other 1, is imaginary. For large pores it may be extremely 
difficult at the chosen electrolyte concentrations to determine the potential distribution except near to the 
wall without using runs of excessive lengths. 

KEY WORDS: Spherical charged pores, primitive model electrolytes, ion and potential distributions, 
Grand Canonical Ensemble Monte Carlo, electro-desorption, deb ye-Hiickel eigenfunctions. 

INTRODUCTION 

In two previous paper [1,2], Grand Canonical Ensemble Monte Carlo (GCEMC) 
simulations of restricted primitive model electrolytes in small, spherical, charged or 

* To whom all correspondence should be addressed. 

35 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
2
7
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



36 S. R. R I V E R A  A N D  T. S. S B R E N S E N  

non-charged pores were studied. The dielectric permittivities of the pores and of the 
pore walls were taken as identical. In reference 1, a preliminary study was made on 
population numbers, mean and single ion activity coefficients in pores, Donnan 
potentials as well as ion and electric potential distributions. More extensive studies 
were made in reference 2 focussing on quite dilute Z:Z electrolytes and on ther- 
modynamic properties as spontaneous electrification of single pores and Donnan 
potentials of many pores in a “Swiss cheese” membrane model, which is quite relevant 
for many desalination membranes [3-71. Also membrane activity coefficients and 
excess energies of the ions in the pores were investigated in reference 2. 

In the present paper, two moderately concentrated restricted primitive model 
(RPM - same size of the ions) electrolytes are considered to be in equilibrium with 
various charged and uncharged spherical pores. We shall focus on the ion distribution 
functions and the electric potential distributions in the pores, since these distributions 
were not discussed in the previous paper. The model and the principles of the GCEMC 
calculations were carefully exposed i n  the previous papers [l, 21. 

THE BASIC INPUT AND OUTPUT DATA 

The input to the GCEMC programme consists of the following list of dimensionless 
parameters: 

B( = i B / a ) ;  p* = (u3ploI); p,(ex)/kT( = In y + ) ;  - Q/eo;  R/u( = 7 + 0.5);A (1) 

B is the Bjerrum parameter (equal to the Bjerrum length divided by the ion diameter), 
p* is the total ion concentration in the bulk solution with which the pore is in 
equilibrium (scaled by the ion diameter a), p+(ex)/kT is the dimensionless mean ionic 
excess chemical potential (equal to the logarithm of the MacMillan-Mayer mean ionic 
activity coefficient y+). Q / e o  is the surface charge in elementary charge units, and R/n is 
the pore radius measured in ionic diameters ( = the dimensionless accessible pore radius: 
7 + 1/2). Finally, A is a dimensionless external electric potential difference applied to 
the pore relative to the bulk solution. This parameter was used in some simulations in 
references 1 and 2, for example as a Donnan potential to prevent spontaneous electri- 
fication of the pore. In the present paper, however, we have always put A equal to zero. 

Instead of p*,  the concentration may also be measured as K U ,  where K is the inverse 
Debye length, and 

~ ( i  = ,,/(4nBp*) (2) 
The values of p +  (ex)/kT for the two concentrations used in this paper have been taken 
from the high precision hypernetted chain (integral equation) calculations performed in 
reference 8 for 1 : 1 electrolytes with B = 1.681. Some few simulations have been made 
with similar uncharged spherical particles at the higher of the two concentrations. The 
input value of p(ex)/kT in this case has been calculated using the “test particle” 
Canonical Ensemble MC programme described in earlier papers [4,8- 111 with the 
Bjerrum parameter chosen to be zero. The test particle value seems quite independent 
of the number of particles used and is equal to the value calculated by the Carnahan- 
Starling formula within the statistical uncertainty. 
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MODEL ELECTROLYTES IN PORES 3 1  

The basic output values from the GCEMC programme are the mean population 
numbers of the ions in the pores (N,) and (N-), as well as the singlet distribution 
functions of the ions G,(t) and G,(t), which are functions of the dimensionless distance 
from the center 

t = ria (3) 

These distribution functions have been sampled in 90 equidistant shells in the pore as 
“local ion concentrations” divided by the salt concentration in the bulk solution p,,,/2. 
The values of the distribution functions are ascribed to the mid points of the spherical 
shells. To obtain better statistics-especially in the middle of the pore-the 90 shells may 
be compressed in adjacent pairs (to 45 values) or three and three (to 30 values). The 
price paid is then a greater discretisation error. 

Table 1 surveys the simulations performed and the input parameters given. The 
simulation numbers with an asterisk correspond to the same numbers in reference 2, 
Table 1, but they have all been continued up to 60 millions of configurations (= success- 
ful or unsuccessful attempts to put and take ions in the pore, see reference 2, Appendix 
A). In a few cases (large pores) up to 240-480 millions of configurations have been used. 
This is required not to have too much “noise” in the distribution functions in the middle 
of the pores. 

The values of (N,) and (N-)  are almost the same as stated before for a lower 
number of configurations, but for completeness, they are also listed in Table 2 of 
this paper together with the new variances VAR(N+) and VAR(N-). The variances 
are variances of the single configurational values, which explain their large 
values relative to the mean. The simulation numbers without an asterisk represent 
completely new simulations. In Table 2 we have also listed the mean excess energy 
of the ions in the pore and the variance of this quantity over the individual configura- 
tions. 

THE MEAN IONIC DISTRIBUTION FUNCTIONS G,, 

Instead of G,(t) and G,(t), it is more adequate to calculate the two derived distributions 
G,,(t) and AG(t).  The first is the mean ionic distributionfunction given by (for a Z:Z 
electrolyte) 

~ p , ( t )  = J { G p ( t ) . G m ( t ) )  (4) 

The second is the dimensionless (and scaled) local charge densitji given by (for a 1: 1 
electrolyte) 

AG(t )=  G,(t)- G,(t) ( 5 )  

In this section we shall deal with G,,(t). In an ideal system, where the potential of mean 
forces for a specific ion in the pore may be separated into a “hard sphere contribution” 
and an electrostatic contribution, the mean ionic distribution function-but not GJt) 
and G,(t) individually-should be unaffected by the wall charge, since the product of 
exp( - e,Y/k,  T )  and exp( + e,Y/k,T)  makes unity. (The local electric potential is Y). 
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This separation is not correct in the moderately concentrated systems studied here, 
however, but still the process of taking the geometric mean removes a large part of the 
dependence on the wall charge. 

We consider 1: 1 electrolytes with B = 1.681, p* = 0.0393 and p* = 0.09248 corre- 
sponding to ~a = 0.911 141 and 1.397669, respectively. Figures 1 and 2 show the 
function G,,(t) for pores with R/a = 2 and 5, respectively, for the bulk electrolyte in the 
lower of the two concentrations. The wall charge is 0, 5 and 10 elementary charges 

Table 1 Survey of simulations performed. 

No B P' Ka p , ( e x ) / k T  Qle,  Ria no. of configurations x 

161' 
162' 
163* 
164' 
26 1 
262 
165' 
166' 
167* 
168' 
263 
264 
169. 
170' 
171' 
172' 
265 
266 
267 
268 
269 
270 
175' 
176* 
177* 
178' 
27 1 
272 
180* 
181' 
182' 
183' 
273 
274 
185* 
186' 
187' 
188' 
275 
276 

1.681 
1.681 
1.68 1 
1.681 
1.681 
1.681 
1.681 
1.681 
1.68 1 
1.681 
1.681 
1.681 
1.68 1 
1.681 
1.681 
1.681 
1.681 
1.681 
0 
0 
0 
0 
1.681 
1.681 
1.68 1 
1.681 
1.68 1 
1.681 
1.68 1 
1.681 
1.681 
1.681 
1.681 
1.681 
1.68 1 
1.681 
1.681 
1.681 
1.681 
1.681 

0.03930 0.9 11 141 
0.03930 0.91 1141 
0.03930 0.91 1141 
0.03930 0.911 141 
0.03930 0.91 1141 
0.03930 0.91 1141 
0.03930 0.91 1141 
0.03930 0.9 1 I 14 1 
0.03930 0.91 1141 
0.03930 0.91 1141 
0.03930 0.91 1141 
0.03930 0.91 1141 
0.03930 0.91 1141 
0.03930 0.9 1 1 14 1 
0.03930 0.91 1141 
0.03930 0.911141 
0.03930 0.911 141 
0.03930 0.911 141 
0.09248 ~ 

0.09248 - 

0.09248 - 
0.09248 - 

0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1,397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 
0.09248 1.397669 

-0.2590" 0 
-0,2590' 0 
-0.2590' 0 
-0.2590" 0 
-0.2590' 1 
-0.2590' 1 
-0,2590" 5 
-0.2590" 5 
-0.2590" 5 
-0.2590" 5 
-0.2590" 5 
-0.2590" 5 
-0.2590" 10 
-0.2590" 10 
-0.2590' 10 
-0.2590" 10 
-0.2590' 10 
-0.2590a 10 

0.4255b - 
0.425jb - 
0.425Sb - 

0.4255b - 
-0.1240' 0 
-0.12w 0 
-0.12w 0 
-0.1240" 0 
-0,1240" 1 
-0,1240" 1 
-0.1240" 5 
- 0.1240" 5 
- 0.1240" 5 
- 0.1240' 5 
-0.1240" 5 
-0.1240' 5 
-0.12w 10 
-0.1240' 10 
-0,1240" 10 
-0.1240" 10 
-0.1240" 10 
-0.1240" 10 

2.0 
3 .O 
4.0 
5.0 
7.0 
9.0 
2.0 
3.0 
4.0 
5.0 
7.0 
9.0 
2.0 
3.0 
4.0 
5.0 
7.0 
9.0 
2.0 
2.5 
3.0 
3.5 
2.0 
2.5 
3.0 
3.5 
5.0 
7.0 
2.0 
2.5 
3.0 
3.5 
5.0 
7.0 
2.0 
2.5 
3 .O 
3.5 
5.0 
7.0 

60 
60 
60 
60 

480 
120 
60 
60 
60 
60 

240 
120 
60 
60 
60 
60 

240 
120 
60 
60 
60 
60 
60 
60 
60 
60 

240 
480 
60 
60 
60 
60 

120 
240 
60 
60 
60 
60 

120 
240 

Simulations numbers with asterisk are continuations of simulations with the same numhers in reference 2. 
' From the HNC calculation in reference 8. 

mill.: 0.4252. N = 62, 18 mill.: 0.4260. N = 32, 12 mill.: 0.4270. 
Carnahan-starling (Compressibility): 0.42548. Percus-Yevick (Compressibility): 0.42566. CEMC (test particle) N = 120, 15 
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Table 2 Simulated thermodynamic variables with their respective variances. 

N” 

161 
162 
163 
164 
26 1 
262 
165 
166 
167 
168 
263 
264 
169 
170 
171 
172 
265 
266 
267 
268 
269 
2 70 
175 
176 
177 
178 
27 1 
272 
180 
181 
182 
183 
273 
274 
185 
186 
187 
188 
275 
276 

- ( N , )  

2.32584e - 1 
1.18095e + 0 
3.35039e + 0 
7.22452e + 0 
2.16884e + 1 
4.9275Oe + 1 
2.16098e - 2 
4.61829e - 1 
2.15778e + 0 
5.72621e+O 
2.02438e + 1 
4.76694 + 1 
3.44271e - 3 
2.34965e - 1 
1.50456e + 0 
4.65218e + 0 
1.86540~ + 0 
4.58326e + 1 
7.45898e - 1 
1.71035e + 0 
3.27943e + 0 
5.59077e + 0 
6.22632e - 1 
1.52085e + 0 
3.00362e + 0 
5.21417e + 0 
1.72995e + 1 
5.29429e + 1 
9.47755e - 2 
5.91221e- 1 
1.76108e + 0 
3.75501e + 0 
1.586OOe + 1 
5.13246e + 1 
1.63635e - 2 
2.58098e - 1 
1.10101e+0 
2.78849e + 0 
1.43001e + 1 
4.9407Oe + 1 

VAR(N+) 

2.00143e - 1 
8.21971e - 1 
2.03849e + 0 
4.08298e + 0 
1.1537Oe + 1 
2.52037e + 1 

4.10649e - 1 
1.61366e + 0 
3.72499e + 0 
1.13241e+ 1 
2.50672e + 1 
3.43493e - 3 
2.21523e - 1 
1.24225e + 0 
3.32589e + 0 
1.104% + 1 
2.48243e + 1 
6.58378e - 1 
1.49217efO 
2.84371e + 0 
4.81833e + 0 
4.28495e - 1 

1.56461e + 0 
2.53624e + 0 
7.67313e + 0 
2.20055e + 1 
8.96596e - 2 
4.78019e - 1 
1.1927Oe + 0 
2.2139Oe + 0 
7.50342e + 0 
2.1874Oe + 1 
1.61882e - 2 

2.13404e - 2 

8.81354 - 1 

2.325% - 1 
8.4606Oe - 1 
1.84588e + 0 
7.22226e + 0 
2.172OOe+ 1 

(N-) 

2.33022e - 1 
1.18023e + 0 
3.34919e + 0 
7.22521e + 0 
2.24755e + 1 
5.01089e + 1 
1.99985e + 0 
3.09108e + 0 
5.30604e + 0 
9.23201e + 0 
2.41737e + 1 
5.18384e+ 1 
4.79687e + 0 
5.93614e + 0 
7.96279e + 0 
1.17196e + 1 
2.65251e + 1 
5.41735e + 1 
7.44495e - 1 
1.71111e + 0 
3.27674e + 0 
5.59226e + 0 
6.22775e - 1 
1.52108e + 0 
3.00365e + 0 
5.21497e + 0 
1.80922e + 1 
5.37929e + 1 
2.66158e + 0 
3.56889e + 0 
5.04818e + 0 
7.2771 5e + 0 
1.98225e + 1 
5.55803e + 1 
5.50528e + 0 
6.43005e + 0 
7.78992e + 0 
9.8919Oe + 0 
2.2232Oe + 1 
5.7925Oe + 1 

VAR (N-) 

2.0058Oe - 1 
8.21884e - 1 
2.03726e + 0 
4.0848Oe + 0 
1.16215e + 1 
2.52747e + 1 
6.14372e - 1 
1.16801e + 0 
2.3127Oe + 0 
4.31542e + 0 
1.17499e + 1 
2.54055e + 1 

1.28449e + 0 
2.40872e + 0 
4.41226e + 0 
1.18802e + 1 
2.54967e + 1 

1.49203e + 0 
2.8398Oe + 0 
4.82481e + 0 

7.05236e - 1 

6.56124e - 1 

4.2848Oe - 1 
8.81844e- 1 
1.56484e + 0 
2.53656e + 0 
7.74239e + 0 
2.20584e + 1 
6.73592e - 1 
1.08081e + 0 
1.74481e + 0 
2.70223e + 0 
7.8524Oe + 0 
2.21231e + 1 

1.09478e + 0 
1.74443e + 0 
2.71 198e + 0 
7.8998Oe + 0 
2.221 1 l e  + 1 

7.1608Oe - 1 

( U I W  

- 8.41606e - 2 
- 7.08943e - 1 

- 5.33702e + 0 
- 1.73733e + 1 
- 3.99988e + 1 
- 7.11081e + 0 
-6.17182efO 
- 6.72855e + 0 
- 9.00544e + 0 
- 1.99982e + 1 
-4.2052Oe + 1 
- 3.12326e + 1 
- 2.33622e + 1 
- 2.01433e + 1 
- 2.00478e + 1 

- 2.3249Oe + 0 

- 2.819% + 1 
- 4.8596Oe + 1 
- 
- 

- 
- 

- 4.05021e - 1 

- 2.21879e + 0 
- 4.78129e + 0 
- 1.75835e + 1 

- 8.66137e + 0 
- 8.17339e + 0 

- 1.00407e + 1 
- 2.12722e + 1 

- 3.40208e + 1 
- 2.93659e + 1 
- 2.67191e + 1 
- 2.58638e + 1 
- 3.27682e + 1 
-6.58511e+ 1 

- 1.2123Oe + 0 

- 5.469% + 1 

- 8.60474e + 0 

- 5.7412k + 1 

VAR(( UIkT)) 

1.18383e - 1 
8.42871e - 1 
2.54523e + 0 
5.66472e + 0 
1.79237e + 1 
4.09999e + 1 
4.83869e + 0 
2.77491e + 0 
3.48612e + 0 
6.24588e + 0 
1.81508e+ 1 
4.10253e + 1 
1.37497e + 1 
7.49691e + 0 
6.15987e + 0 
7.92179e + 0 
1.90348e + 1 
4.16292e + 1 
- 
- 
- 
- 
5.04938e - 1 
1.33627e + 0 
2.7242Oe + 0 
4.83288e + 0 
1.69596e + 1 
5.22232e + 1 
3.54381e + 0 
3.03OOOe + 0 
3.85596e + 0 
5.6678Oe + 0 
1.73643e + 1 
5.24818e + 1 
1.03704e + 1 
7.44881e + 0 
7.01309e + 0 
8.04504e + 0 
1.85743e + 1 
5.327OOe + 1 

(uniformly distributed). Looking first at Figure 2 (the larger pore), we observe that with 
regard to G,,(t) bulk properties prevail in a surprisingly large central part of the pore 
(up to at least t z 2). In this part, G,,(t) = 1 within the statistical “noise”. Near the wall, 
however, there is a general depression of the curve exhibiting a minimum and a slight 
increase very near the wall. 

There is no significant difference between zero wall charge and Q/eo = 5.  Increasing 
the wall charge to 10, however, a very slight depression of the minimum is observed. 
This is well in accordance with the findings in reference 1, where no difference could be 
seen between Q/eo = 0 and Q/eo = 1 for the same electrolyte solution. 
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1.20 

1 .oo 

0.80 

E 
a 0 . 6 0  
c3 

0.40 

0.20 

0.00 
0.00 0.25 0.50 0.75 1.00 1.25 1 

r /a 

Figure 1 The mean ionic distribution function G,, as a function of r = r/a in spherical pores with a radius 
equal to two times the ionic diameter (R/a = 2). The continuously distributed surface charge of the pore is 0, 
5 and 10 elementary charges. Increasing charge results in increasing electro-desorption (depression of the 
curves). The number of ions were sampled in 90 shells, which were contracted to 45 shells. E = 1.681, 
p* = 0.0393. 

The natural explanation for the observed phenomena is the following: When the ions 
approach the wall to within one Debye length, it is not possible to form a symmetric 
ionic cloud around the ion and the “local free energy” of the ion becomes higher, so that 
the local mean ionic occupation number decreases. The (dimensionless) Debye length is 
1/Ka x 1.1, and if the last upward bend is neglected, it is seen that the depression is 
roughly exponential from the wall contact (t = 4.5) and towards the interior with 
around this decay length. The upward bent is explained as effective “hard sphere/hard 
wall attractive forces”. With an ion more and more close to wall contact, it is 
increasinglydifficult for other ions to be between the ion and the wall. The average force 
will therefore tend to squeeze the ion against the wall and the local mean ionic 
concentration of ions increases very near the wall. 

The same features are seen in the smaller pore with R/a = 2, Figure 1. Now the Debye 
length is only slightly smaller than the radius of the accessible part of the pore (z = lS), 
however, and there is no part of the pore with bulk properties. There is a general 
depression in the whole pore. Nevertheless, in the middle of the pore, the values of 
G,, tend to the same value ( x 0.8) for the three wall charges 0,5 and 10. The minima of 
all three curves are now clearly shifted towards lower values for higher wall charges. In 
contrast to the electro-sorption found in references 1 and 2 for dilute systems when the 
total applied potential (the ion free potential from the wall + A )  was increased, we seem 
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E 
Q 
c3 

Figure2 G ,  as a function of t = r / a  for a pore with R / a = 5 .  There is a large central part with 
bulk properties (GPm rz 1). The “noise” for small r/a is due to the small volume of the central shells. The 
mean ion is repelled by the wall, because the formation of a symmetric ionic cloud is prevented. Very near 
to the wall G,, again increases somewhat due to the “hard spherehard wall effective attraction”. B = 1.681, 
P* = 0.0393. 

to have electro-desorption in this moderately concentrated electrolyte - most pronounced 
in the smallest pores. The reason is probably, that space restrictions are very much felt, 
when the negative counter-ions crowd up in the pore at high positive wall charges. 

In Figure 3, the mean ionic distribution functions in chargeless pores with R/a = 2,3, 
4 and 5 are shown. The bulk concentration is again p* = 0.0393. The pores with R/a = 4 
and 5 have clearly a central part with bulk properties, whereas the pore with Ria = 2 
has clearly not. All curves exhibit the characteristic minimum, which is displaced 
towards lower values for the smaller pores. The same features are shown for wall 
charges 5 and 10 (Figures 4 and 5), but the minima are displaced towards lower values 
at higher values of Q/eo (electro-desorption)-especially in the case of the smallest pores. 

If we now pass to B = 1.681 and the higher concentration p* = 0.09248, we observe 
for R/a = 3.5 (Figure 7) the same pattern as before with the difference, that the “hard 
spherebard wall attractive forces” are stronger, because of the higher concentration. 
Bulk properties prevail up to t % 1.5 for all wall charges up to 10. There is a pronounced 
electro-desorption even for Q/eo = 5. For R/a = 2 (Figure 6), the picture is very similar 
to Figure 1 (with the lower concentration). Indeed, the curves for Q/eo = 5 and 10 seem 
almost indistinguishable for the two concentrations, whereas the curve for Q/eo = 0 is 
somewhat more depressed at the lower concentration. This might be so, because the 
Debye length is shorter at the higher concentration (less depression) and that 
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1.10 

1.05 

1 .oo 

E 
n0.95  u 

0.90 

0.85 

0.80 

Fm 3 G, for chargeless pores with R/u = 2,3,4 and 5. There can be no electro-desorption here, so the 
increasing depression of the curves with decreasing radii must be caused by the ionic cloud asymmetry 
repulsion from the wall. The smallest pore is completely dominated by surface ef€ects. E = 1.681, p* = 0.0393. 

= 2. 30 loints 
= 3, 45 Faints 
= 4. 45 Foints 
= 5 .  45 qoints 

) 3.5 4.0 4 
7 1 1 ,  , 1 1 1 , 1 1 1 7  

F i p  4 The same as Figure 3, but with a surface charge equal to 5 units. Electro-desorption is visible for 
the smallest pore when compared to Figure 3. E = 1.681, p* = 0.0393. 
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1.20 

1 .oo 

0.80 

E 
n0.60 
c3 

0.40 

0.20 

0.00 
5 

Figure 5 The same as Figure 3, but with a surface charge equal to 10 units. Electrodesorption is visible for 
the two smallest pores when compared to Figures 3 and 4 . 5  = 1.681, p* = 0.0393. 

1.20 

1 .oo 

0.80 

E 
a0.60 
0 

0.40 

0.20 

0.00 
0 

points. 
points. 
points. 

25 1. '0 

Figure 6 The same as Figure 1, but at a higher electrolyte concentration. Comparing to Figure 1 it is seen, 
that the curves for Q/eo = 0 and 5 are independent of the concentration, but for chargeless pores the low con- 
centration exhibits a greater depression for the low concentration than for the high. B = 1.681, p* = 0.09248. 
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Figure 7 G,, as a function oft = r/a for a pore with Ria = 3.5. Electro-desorption is clearly visible in the 
surface region dominated by “asymmetric ionic cloud repulsion” and “hard spherebard wall attraction”. 
B = 1.681, P* = 0.09248. 

simultaneously the upward bend (sphere/wall interactions) is more pronounced. 
However, this explanation cannot be valid at Q/eo = 5 and 10. In other words, the 
electro-desorption is more pronounced for low wall charges (from Q/e, = 0 to 5) at the 
higher concentration (more space restrictions for counter ion crowding), whereas the 
effect is the same from Q/eo = 5 to 10. This is well in line with the earlier findings, that 
there is electro-sorption and not desorption at dilute conditions. 

Figures 8-10 show G,,(t) for pores with radii R / a  = 2, 2.5, 3.0 and 3.5 at the high 
concentration with Q/eo = 0, 5 and 10, respectively. Compared to Figures 3-5 at the 
lower concentration, the hard sphere effects near the wall are much more pronounced. 
There is a clear electro-desorption. 

Figure 11 shows the G,,(t) for a pore with R/a = 7 and 9 at the low concentration for 
Q/eo = 1,5 and 10. The wall charge seems to be without significance. There is a wide 
central “bulk region” and a narrow surface region exhibiting ion cloud/wall repulsion 
as well as hard sphere/wall “attraction”. In Figure 12, the same is observed for the high 
concentration and Rla = 5 and 7, where the surface region is even more narrow, and the 
hard sphere/wall “attraction” more dominant. 

In Figure 13, results for G,, are shown for B = O ,  p* =0.09248 and R/a = 2, 
2.5,  3 and 3.5. This correspond to chargeless particles of the same size, and 
G,  = G ,  = Gpm. The wall charge is immaterial. The input excess chemical poten- 
tials are taken to be the values calculated from the Carnahan-Starling expression 
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Figure 8 G ,  for chargeless pores with R/u = 2.0,2.5,3.0 and 3.5. There can be no electrodesorption here, so 
the increasing depression of the curves with decreasing radii must be caused by the ionic cloud asymmetry 
repulsion from the wall. Compared to Figure 3 the depressions are smaIier,since the Debye length is shorter. 
B = 1.681, p* = 0.09248. 

based on compressibility, which should be slightly better than the Percus-Yevick 
compressibility expression [12]: 

(6) 

p(ex,PY,com.)/kT= 3[q/(1 - ?)I3 + 7.5[q/(1- q)I2 + 7[q/(l -- q)]  - ln(1 - q) (7) 

q = np*/6 (8) 

p(ex,CS,com.)/kT= [3q3 -9q2 + 8q]/[1- qJ3 

The CS-value (0.42548) and the PY-value (0.42566) are both inside the uncertainty 
range of the canonical ensemble test particle values simulated for a number of “ions” 
N = 32,64 and 120 with B = 0, see footnote b below Table 1. We adopt the following value: 

(9) 

That the input for the GCEMC simulation is correct, is demonstrated for the larger 
pores in Figure 13. There is clearly a large central part of the pore, where G,, fluctuates 
around unity. 

Apart from that, Figure 13 exhibits the “hard wall/hard sphere attraction” in pure 
form. The relativeconcentrations at  the wall are much higher than in the corresponding 
systems with B = 1.681. There is a very slight depression below unity with a minimum 
around 1 a-unit from wall contact, but this depression has nothing to do with the 

p(ex, B = O,p* = 0.09248)/kT= 0.4255 & 0.0010 
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Figure 9 G, for pores with a surfacecharge = 5 units and R/a = 2.0,2.5,3.0and 3.5. Compared to Figure 4 
it is seen, that corresponding curves (R/a = 2.0 and 3.0) are almost unaffected by the concentration, except near 
the wall where the upward bents are more pronounced for the high concentration. B = 1.681, p* = 0.09248. 

+ 
3 2.50 3.00 

Figure 10 Same as Figure 9, but with Q/eo = 10. Compared to Figure 9, a very pronounced electro- 
desorption is found for the smallest pores. B = 1.681, p* = 0.09248. 
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Figure 11 G ,  for large pores with R/a = 7 and 9 at  the lower concentration and surface charges 1,5 and 10 
units. No electro-desorption is visible. Bulk properties prevail except for a narrow surface region. B = 1.681, 
p* = 0.0393. 

1.08 

1.06 

1.04 

E ’ * 0 2  
Ql.00 
c3 

0.98 

0.96 

0.94 

0.92 

Figure 12 G, for pores with R/a = 5 and 7 at the higher concentration and surfacecharges 1,5 and 10 units. 
No electro-desorption is visible for the larger pore. Some electro-desorption is seen in the surface region of 
the smaller pore, whereas the central “bulk region” is not affected. B = 1.681, p* = 0.09248. 
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E 
Q 
c3 

1.30 
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1.20 

1.15 

1.10 

1.05 

1 .oo 

0.95 

0.90 

0.85 
0.0 0.5 1 .o 2 .o 2.5 3 .o 

Figure 13 G ,  for pores with Ria = 2.0,2.5,3.0 and 3.5 and chargeless particles at the higher concentration 
exhibiting the “hard spherebard wall attraction” in pure form. See also Figure 32 and the discussion. B = 0 
and p* = 0.09248. 

dramatic depressions due to the asymmetric ionic cloud effects in ionic systems 
(Figures 8-10). Especially it is seen, that even for the smallest pores, the value of G,, in 
the center is unity (or very close to) for chargeless particles in contrast to the situation 
for charged particles (even when Q/eo = 0, see Figure 8). 

CALCULATION OF THE ELECTRIC POTENTIAL DISTRIBUTION 
FROM AG 

From the dimensionless and scaled electric charge density AG it is possible to calculate 
the electric potential profile in the pore. The Poisson equation in the case of a spheri- 
cally symmetric charge distribution may be “solved in terms of integrals over the first 
and the second moments of the charge density, see reference 1, Equations (23-27) and 
Equations (73-76). (See also reference 11, appendix, for a similar calculation of the 
electric potential distribution around ions from MC data). The result is 

@ ( t ) = e o Y ( t ) / k , T =  B ( Q / e , ) ( u / R ) + A  +0.5(~u)’[ l , ( t )+I , ( t )]  (10) 

r , ( t )=( l / t ) IbsZAG(s)ds;  I , ( [ ) =  S:sAG(s)ds (11) 

@ is the dimensionless total potential which consists of a (constant) contribution from 
the wall charge, any possible additional applied potential (A) and the contribution from 
the diffuse electric double layer. The latter is expressed through the two integrals in 
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Equation (11). We have r=(R/u)-(1/2). (Note , there is a misprint in reference 1, 
Equation (75). The lower limit in the last integral is t, not 1). Thus, from GCEMC data 
for AG(t), it is possible to calculate the potential distribution in the spherical electric 
double layer by numeric integration. Such an integration has a considerable smoothing 
effect on the AG-data, which may be somewhat “noisy”-especially in the middle of the 
pores, where the shell volume is small. 

In practice, we have fitted a least square polynomial at lowest possible degree with 
zero slope in t = 0 (for symmetry reasons) which fits smoothly the data and does not 
introduce false oscillations to the AG(t) data, and then we performed the integrations 
analytically. For some large pores, there is a wide central region, where bulk properties 
prevail, and we have “noisy” fluctuations around AG = 0. In such cases it is better to put 
AG = 0 in this region in the integrals (11) and use a polynomial fit for the “surface 
region”. The results will be shown in a short while, but first we shall consider 
a possibility to express the charge density as well as the electric potential in terms of 
eigenfunctions of the Laplace operator in the interior of a sphere. 

In dimensionless variables, the Poisson equation may be written (for a 1 : 1 electro- 
lyte): 

(12) V’@ = d20/dt2 + (2/t)d@/dt = - 0.5 (KU)’ AG 

Now assume, that the potential may be expressed as a sum over eigenfunctions to the 
Laplacian (with no angular dependence and with a constant added) inside a sphere: 

@=AA, + CkAksinh(Akat)/(Akut) (13) 

@=@(o)+CkAk{ [ s inh(Akut ) / (Aka t ) ]  - l }  (14) 

or-using the limiting behaviour of sin h(x)/x for x + 0-we have: 

@(o) is the dimensionless potential in the middle of the pore. We use the mathematical 
property 

v’ {sin h(Ak a t)/(& at)} = (1, a)’ {sin h(Ak a t ) / ( n k  t )}  (15) 

and obtain from (12-13): 

V2@ = x k  A k ( A k  U )  [Sin h(Ak &)/I?] = - 0.5 AG 

Thus, the dimensionless charge density is given as: 

In some cases, oscillations appear in the charge density and in the potential. Then it 
may be necessary to use couples of complex conjugate eigenvalues (to obtain real 
potentials and charge densities): 

Ak, f = @k f i f l k  (17) 

with a common, real constant A,. Equation (16) may then be written in the following 
form: 

AG = + (4 t - ’ [ K U ] - ~ ) ~ ~  A,{fik a cosh(ak a t )  sin& at) - ak u sinh(a, a t )  COS(& at)}  
(18) 
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50 S. R. RIVERA AND T. S. SQlRENSEN 

The values of AG obtained in this manner should be (statistically) equivalent to 
the values obtained directly from the GCEMC simulations, but they are smoothed 
values. 

We shall never use more than two eigenfunctions (possibly complex conjugate 
couples). Since we know the potential at wall contact, t = T = (R/a) - 0.5, the constant 
A, may be calculated from: 

A ,  = {W) - @(o) - A,f,(T)}/fl(T) (19) 

fl(t)=[sinh(AI,+ a ~ ) / ( ~ ~ , + a t ) + s i n h ( l ~ , ~ a r ) / ( ~ ~ , -  a ~ ) - 2 ]  (20) 

fZ(~)= [sinh(l,,+ ur)/(12,+ az)+sinh(l,,- a t ) /&-  a?)--] (21) 

The functionsfl(.r) andf,(r) are both real valued, so that A, is real. If the potential may 
be adequately described by only one eigenfunction or by a complex conjugate couple, 
A, is put equal to zero in (19). 

In pores with dilute solutions (but not necessarily small dimensionless potentials) it 
is possible to calculate A from Q0 and a “generalized Debye-Huckel equation”, see 
reference 1, Equation (63) and reference 1, Figure 19. 

2.00 

- 
U 

S 
Q) 1.50 
0 
c1 

U 

0 1.00 

v, 
v, 
Q) 

c 
0 0.50 
(II c 
Q) 

-0 0.00 

.- + 

4-J 

- 
-+ 
4-J 

- 

.- 

E .- 

Figure 14 The dimensionless total potential as a function of t /T for pores with a surface charge of 5 unit 
charges and R/a = 2, 3,4 and 5 at the lower concentration (T = [R/a] - 0.5). The full curves are calculated 
from the eigenfunction fits (see Table 3). All potential profiles in this and in the following figures have been 
based on simulated AG values contracted in 30 shells and fitted with least square polynomials with zero stop 
for r/a = 0. This is true even if more than 30 calculated points are shown. B = 1.681 and p* = 0.0393. 
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ELECTRIC POTENTIAL AND CHARGE DENSITY PROFILES 

Figure 14 shows the dimensionless total potential in pores with R/a = 2,3,4 and 5 for 
a wall charge of five units and a concentration p* = 0.0393. The displacements mostly 
reflect the variation in the part of the potential induced by the wall charge in an ion free 
system. In the smaller pores, the pore radius is not large enough for an efficient 
screening of the wall charge in the middle of the pore, so the central potential @(o) is 
considerably above zero. In the largest pore, the central potential is close to zero. The 
screening is efficient, since the pore radius is ca. 4.5 Debye lengths. A similar behaviour 
is seen for a wall charge of 10 units (Figure 15), but the potentials at contact @(T) are 
considerably higher. In Figures 14 and 15, the points are calculated points from fitting 
the integrands (with the “experimental” AGs) in Equation (11) to least square poly- 
nomials with zero slope in the center and performing the integrations analytically. The 
curves drawn in Figures 14 and 15 are eigenfunction fits (described in the previous 
section). All the data for these fits (also for the following figures) have been collected in 
Table 3. 

Figure 16 shows the “experimental” AGs vs. t = r/a in the case B = 1.681, 
p* = 0.0393, Q/eo = 10. The curves correspond to the eigenfunction fits in Figure 15 as 
calculated from Equation (18). It should be mentioned, that it is often possible to fit the 
potential curves equally well with several different choices of a single eigenfunction, but 
if the corresponding AG-curves should also be well fitted, the choice is much more 
restricted. 

Figure 15 The same as Figure 14, but with a surface charge equal to 10 unit charges. 
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r/a 
Figure 16 The simulated AG(t) values on which Figure 15 was based. The full curves are calculated from the 
eigenfunction fits, see Table 3 and Equation (18). 

Figore 17 The dimensionless total potential profiles for a surface charge of 5 units and R/a = 2.0,2.5,3.0 
and 3.5 at the higher concentration. Full curves are eigenfunction fits. B = 1.681 and p* =0.09248. 
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Figure 17 shows the potential profiles in the case B = 1.681, p* = 0.09248, Q/eo = 5 
and R/u = 2,2.5, 3, 3.5. Again, the contact potential as well as the center potential is 
depressed for increasing radius, and for the larger pores the center potential is close to 
zero. For the largest pores, there is a slight tendency for the potential to decrease to very 
small negative values before the rise towards the contact potential. Figure 18 is similar, 
but for Q/eo = 10. The contact potentials are here larger for the same pore sizes and the 
potential minimum for the largest pore is quite insignificant. Comparing Figure 17 to 
Figure 14 and Figure 18 to Figure 15, we observe that the contact potentials decrease 
with increasing concentration for the same pore size and wall charge as the case is for 
a plane, diffuse double layer. The “experimental”AG-values corresponding to the 
potentials in Figure 18 are shown in Figure 19 together with the curves calculated from 
the eigenfunction fits to the potential profiles. 

For the larger pores and/or higher concentrations, there are problems with obtain- 
ing AG-data in the central part of the pore, which are precise enough for a reliable 
determination of the potential profile. Figure 20a shows the AG-data for pores with 
p* = 0.0393, Q/eo = 1 and R/u = 7 and 9. A total number of configurations of 480 
millions and 120 millions of configurations have been performed. Even with this large 
number of configurations, the “noise” in the middle of the pore is considerable. 
However, after the first few extreme deviations, the values seem to fluctuate around 
zero. Figure 20b shows a reasonable replacement of the first AG-values with zeros. 

Figure 21 shows tentative calculations of the potential profiles for the two pores. The 
open symbols have been calculated fitting the unadjusted t-AG(t) and r2.AG(t) data 

Figure 18 The same as Figure 17, but with 10 unit charges. 
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r/ a 
Figure 19 The AG(t) values on which Figure 18 was based. Full curves are eigenfunction fits. 
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0 

Fipre ZOb The same as Figure 2Oa, but with the most central values of AG replaced by zeros. Zeros are 
inserted at all values, which seem to fluctuate around zero in Figure 20a. When the first systematic deviation 
from zero is visible in Figure 20a, the simulated AGs are used. 

(both contracted to 30 shells) to least square polynomials of degree six with zero slope 
in the center. These polynomials are then used for analytical integration in Equa- 
tion (1 l). The corresponding black symbols are calculated by the adjusted data of 
Figure 20b. Least square polynomials of degree 6 with zero initial slope are found again 
for the adjusted t-AG(t) and t2-AG(t)  data, but the part of the integrals where AG = 0 
are put to zero. The difference between the two curves is a measure of the uncertainty in 
the potential determination. This uncertainty is very large in the central part of the 
pore, but for physical reasons, we assume the potential to be zero (or close to) in the 
central part, since the wall charge is effectively shielded. The pore with R/a = 7 seems to 
have a well defined potential near the wail, however, whereas even the contact potential 
@(z) is quite uncertain for the pore with R/a = 9. 

Figures 22 and 23 show the potential distributions and the AG values for the same 
cases, but with Q/eo = 5. Here, the determination of the potential profiles seems to be 
precise, except in the most central part. The same can be said for Q/eo = 10 (Figures 24 
and 25). 

The same pattern repeats itself for the high concentration, where the same three 
charges have been investigated for pores with R/a = 5 and 7 (Figures 26-31). In general 
it is seen, that there is no reason to believe, that the charge densities and the potentials 
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Figure 21 Tentative dimensionless total potential profiles calculated from the data of Figures 20a and 20b. 
White symbols correspond to the use of polynomial fits to the uncorrected AG data of Figure 20a. The black 
symbols (with a + mark) correspond to the use of the corrected data of Figure 20b. The larger pore (R/Q = 9) 
has an uncertain potential profile in the whole range. The smaller (R/Q = 7) seems quite well determined near 
the wall, but not in the middle. Most probably, the potentials are zero (or close to) in the central part of the 
pores. B = 1.681 and p* = 0.0393. Q/eo = 1. 

are not zero in a central region of these large pores. Furthermore, the contact potential 
@(z) decreases with increasing concentration or pore radius. 

DISCUSSION 

We have fitted the potential profiles and the charge density profiles to eigenfunctions of 
the Laplacian for all pores except the largest, where there is considerable uncertainty in 
the central part of the potential. Either one eigenfunction with a real eigenvalue or two 
sets of eigenfunctions with complex conjugate eigenvalues have been used. In the latter 
case, it is always sufficient with one purely real and one purely imaginary eigenvalue, 
and in many cases, the real eigenvalue may be chosen as the inverse Debye length, see 
Table 3. The fits are good or even excellent, although in some few cases the AG(t) data 
were not perfectly fitted in the middle of the pore (and better fits were apparently not 
possible with only to sets of eigenfunctions). 

According to Table 3, the contact potential @(T) and the center potential @(O) 
decrease with increasing concentration and with increasing pore radius for the same 
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c 
E-0.025 1 
u - 0 . 0 5 0 - l l , l  
.- - 

:e 

1 1 1 1  1 1 1 1  1 1 1 ~  

Figure 22 The same as Figure 21, but with Q/eo = 5. The black and white symbols coincide except in the 
most central part. E = 1.681 and p* = 0.0393. 

Figure 23 The AG(t) values on which Figure 22 is based. The values in the middle seems much better in 
statistical equilibrium than the ones for Q/eo = 1 (Figure 20a). For R/a = 7, AG up to t = 0.7 have been put 
equal to zero in the calculation of the black squares in Figure 22. For R/a = 9, AG up to t = 1.9 have been put 
equal to zero in the calculation of the black circles in Figure 22. 
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Figmre 24 The same as Figure 22, but with Q/eo = 10. The black and white symbols coincide except in the 
most central part. B = 1.681 and p* = 0.0393. 

surface charge. Increasing the surface charge, the two potentials increase. In the larger 
pores, the surface charge is effectively Debye shielded in the middle, so that the center 
potential is equal to zero or close to. For the largest pores this may be difficult to prove 
definitively by simulation because of the “noise” in the central AG(t) data. 

The determination of the potential profile in the central part of the large pores seems 
to be an almost unsurmountable problem at the present concentration of electrolytes. 
Most probably, the potential oscillations reported for the largest pores in an earlier 
paper [l] for these systems for Q/e, = 1 are fake phenomena. In this paper never more 
than 50 millions of configurations were applied. Furthermore, cubic splines were used 
to fit the data for t*AG(t) and t2.AG(t) in the two integrations. This is a local method, 
where pieces of cubic polynomials are spliced together to have the same first and second 
derivatives in the splicing points. The fluctuations in the data are followed exactly. 
Although the datasets t .AG(t )  and t2*AG(t )  have much less relative noise in the center, 
than the set of AG(t), and although the integrations tend to smoothe out fluctuations, 
the reason for the oscillations seems to be the erratic and possibly also systematically 
deviating AG values in the central part. Even for the high number of configurations 
used here, there seems to be a tendency for the AG values to be too high in the middle for 
the larger pores. 

There is no physical reason that AG should have a “positive hump” in the middle of 
a pore for a large pore, when it has been shown for a succession of smaller pores, that the 
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E 
c3 

I 

Figure 25 The AG(t) values on which Figure 24 is based. The values in the middle seems much better in 
statistical equilibrium than the ones for Q/eo = 1 (Figure 20a). For R/a = 7, A G up to t = 0.6 have been put 
equal to zero in the calculation of the black squares in Figure 24. For R/a = 9, A G up to t = 2.7 have been put 
equal to zero in the calculation of the black circles in Figure 24. 

potential in the central part comes closer and closer to zero with increasing radii as 
expected (Debye shielding). We have tried the cubic spline method on the present 
data-with a much higher number of configurations-and quite similar oscillations to 
the oscillations shown in reference [ 13 Figures 22-23 and 27-28 may be produced. The 
underlying problem is, that the electrostatic fields are weak for Q/eo = 1 and large 
pores, but the value of the potential in the central part is a sensitive functional of the 
charge distribution all over the pores. The method used here with global least square 
polynomials with zero slope in the middle and with sensitivity tests comparing 
potentials from uncorrected data with potentials calculated from data with a reason- 
able number of central AG values forced to be zero seems to be a more healthy 
procedure. 

The G,,(t) data are dominated by three main features: The “mean ions” seem to 
avoid the wall region, since they cannot form symmetric ionic clouds in that region. 
Contrary to this, the mean ions seem to be squeezed up against the pore wall by the 
somewhat unidirected hard sphere collisions on an ion close to the wall. The latter 
effect is more pronounced for higher than for lower concentrations. Finally, most 
pronounced for small pores, there is an electro-desorption effect. The G,, curves are 
depressed by increasing the wall charge. The electro-desorption is more marked for the 
higher concentrations. For large pores, however, there is no dependence of G,, on the 
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Figure 26 Tentative dimensionless total potential profiles calculated from the data of Figure 27. High 
concentration and a surface charge of one unit. R/a = 5 and 7. White symbols correspond to the use of 
polynomial fits to the uncorrected A G data. The black symbols(with a + mark) correspond to the use of data 
with the central A G s  put equal to zero. Both pores have no well determined potential profiles except close to 
the wall. Most probably, the potentials are zero (or close to) in the central part of the pores. B = 1.681 and 
p* = 0.09248. Q/eo = I .  

wall charge (between 1 and 10 units), see Figure 11 (only R/u = 7) and Figure 12 (both 
curves). 

Apart from the above mentioned phenomena, the G,, data show the obvious fact, 
that in large pores there is a central part with “bulk properties” (G,,,, x 1). It is perhaps 
somewhat surprising, that even quite small pores have a central “bulk region”. 

The simulations with B = 0 (Figure 13) may be used to subtract the pure hard sphere 
effects in order to demonstrate more clearly the “ion cloud asymmetry” effect. Assume, 
that the total dimensionless potential of mean forces for a “mean ion” defined by 

may be split into a hard sphere contribution 

W,, E - In G,,,,(B = 0) (23) 

and an “asymmetric ionic cloud contribution W,,,, . 
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0.050 

0.025 

0.000 
E 

Figure 27 The AG(t)  values on which Figure 26 is based. The values in the middle of the pore seem to be 
systematically too high for R/a = 5 (240 million configurations). For R/a = 7 (480 million configurations) AG 
seems to fluctuate around unity. For R/a = 5, AG up to t = 1.9 have been put equal to zero in the calculation 
of the black squares in Figure 26. For R/a = 7 ,  AG up to t = 3.8 have been put equal to zero in the calculation 
of the black circles in Figure 26. 

The last equation may be looked upon as just a definition of Wasym. Figure 32 shows 
Wa,,(t) for pores of four different sizes at the high concentration. The Debye length is 
x 0.72 a-units for this system. For the largest pore (R/u = 3.5) it is seen, the Wasym has 
decreased to a fraction x 0.29 of the values at wall contact at a distance one Debye 
length from the wall. If the decay was exponential in the wall distance measured in 
Debye lengths, the fraction should have been x 0.37. For the pores with R/u = 3.0,2.5 
and 2.0, the corresponding fractions are 0.39, 0.39 and 0.50, respectively. Thus, the 
decrease is not really exponential. It seems more to be a linear decrease with an 
exponential tail. Furthermore, the “asymmetry potential” is stronger at contact for 
smaller pores than for larger. Also, the decay of the asymmetry potential is more 
marked for the smaller pores. This is naturally explained by the increased curvature of 
the wall in the small pores. In the pore with R/u = 2 an ion at wall contact is sur- 
rounded by a wall with high curvature destroying the formation of an ionic cloud not 
only in the radial direction, but also tangentially. For larger pores only half of the ionic 
cloud is directly destroyed. 

It should be noticed, that these repulsive “asymmetry forces” near a wall are not at all 
accounted for in the classical theory of Onsager and Samaras [13]. In this theory the 
ions are predicted to withdraw from a plane surface, when a low dielectric permittivity 
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Figure 28 Same as Figure 26, but with a surface charge of 5 units. Black and white squares coincides above 
t x 0.4. The potential in the middle is probably zero (or close to). There is a weak indication of an 
intermediary region with negative potentials. B = 1.681 and p* = 0.09248. Q/eo = 5. 

0.1 0 

0.00 

-0.10 
!= I 

-0.20 

' -0.30 

a. 
C3 -0.40 

-0.50 

-0.60 - I 
-4 Q/eo = 5, ?/a = 5. 
-.Q O/eo = 5 ,  p/a = 7. 

-0.70 I t v n I u t a I  n i v r l g i n a  a n n r  i u a t  n n r i  

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 

r/a 
Figure 29 The AG(t)  values on which Figure 28 is based. For R/a = 5, AG up to t = 1.5 have been put equal 
to zero in the calculation of the black squares in Figure 28. For R/a = 7, AG up to t = 3.2 have been put equal 
to zero in the calculation of the black circles in Figure 28. 
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0 a 0.25 
- 0.20 
0 

0 0.15 

U 

-Q 

U 

v, 0.10 
v, - Q, 0.05 
c 
0 -0.00 
v, c -0.05 
a, 

7 3  -0.15 

.- 

E -0.10 .- 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Figure 30 Same as Figure 26, but with a surface charge of 10 units. The potential in the middle is probably 
zero (or close to). There is some indication of an intermediary region with negative potentials. B = 1.681 and 
p* = 0.09248. Q/eo = 10. 

Figure 31 The AG(t) values on which Figure 30 is based. For R/a = 5, AG up to t = 1.7 have been put equal 
to zero in the calculation ofthe black squares in Figure 30. For R/a = 7, AG up to t = 3.8 have been put equal 
to zero in the calculation of the black circles in Figure 30. 
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Figure 32 The dimensionless potential of mean forces corresponding to the repulsion of a “mean ion” from 
the wall because ions close to the wall cannot form a symmetric ionic cloud. W (asymm) = e0, (B = 1.681, 
Q/e, = 0) - WHp The dimensionless potential of mean forces W,, is calculated from the values of G,, is 
Figure 13. High concentration and R/a = 2.0,2.5,3.0 and 3.5. The value of W (asymm) at contact increases 
with decreasing radius. The greater the wall curvature is, the greater part of the ionic cloud is directly 
destroyed for an ion in contact. 

prevails at the other side of the surface (e.g. at a water-air interface). The reason is the 
(Debye shielded) interaction with the image charges of ions near the wall. However, the 
Onsager-Samaras effect disappears in the case, where the dielectric permittivity is 
identical on the two sides of the surface (no image charges). Figure 32 shows clearly, 
that there is an appreciable, effective repulsive potential also in the case of identical 
permittivities. Thus, the Onsager-Samaras theory cannot be considered to be complete 
even at the low electrolyte concentrations, for which it was intended. At low salt 
concentrations, the Debye length is very large, and the asymmetry zone very much 
extended. (In reference [l], Figure 5, the G,, is shown for B = 1.546 and p* = 0.001 for 
a pore with R/a = 10. The Debye length is here !z 7.2 a-units, and there is a considerable 
depression below unity of the G,, curve in the whole pore except the most central part). 

In a paper in preparation, we shall study occupation numbers, Donnan potentials 
and potential distributions in more dilute systems of 2: 1 and 2:2 electrolytes, and also 
of 1 : 1 electrolytes with different radii. 
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